Instanton is known to exist in Euclidean spacetime only. Their role in real time dynamics is usually understood as tunneling effect by Wick rotation. We illustrate other effects of instanton in holography by investigating 5d effective gravity theory of the black D3-brane-Dinstanton system. The supergravity description of the D3-brane-Dinstanton system is dual to the super Yang-Mills theory with topological excitations of the vacuum. We obtain Euclidean correlators in the presence of instantons by analyzing of the fluctuations of the bulk fields in the 5d effective theory. Furthermore, analytic continuation of Euclidean correlators leads to retarded correlators, which characterize real time dynamics. We find interestingly real time fluctuations of topological charge can destroy instantons and the lifetime of instanton is set by temperature. This implies instanton contribution to "real time dynamics" is suppressed at high temperature, which is analogous to classic field theory results that instanton contribution to "thermodynamics" is suppressed at high temperature. * siwenli@fudan.edu.cn †
Introduction
Instantons in quantum chromodynamics (QCD) are known as topologically non-trivial excitations of the vacuum. They are known to contribution to the thermodynamics of QCD and are closely related to chiral symmetry breaking. We refer the readers to [1, 2] for comprehensive reviews. Instantons are also known to be consist of constituents called BPS monopoles or dyons. There have been continuous efforts in linking confinement and chiral symmetry breaking with instanton constituents [3] [4] [5] [6] [7] [8] [9] [10] [11] . While extensive literature focuses on the role of instantons in thermodynamics and phase transition, their role in real time dynamics has not received enough attention. The goal of this work is to fill the gap. Similar as instantons in quantum mechanics, instantons in QCD is generally viewed as tunneling processes. A typical question one may ask is how does the presence of instanton affects certain correlation function, e.g. a retarded correlator G R (ω), which is a genuine real time quantity. It is known that retarded correlator is related to Euclidean counterpart G E (ω E ) by:
with ω = iω E = 2iπT n. Note that the equality holds only when ω E takes value on discrete Matsubara frequencies. In order to obtain retarded correlator with arbitrary real ω, analytic continuation is needed. However it is not always well defined. For example, in lattice gauge theory, G E and G R are related through spectral function. Going from G E to G R involves an ambiguity. Holography provides us a possibility to study the effect of instantons in real time dynamics. Instantons in holographic models have been constructed as D-instanton background [12] [13] [14] . Effects of instantons on chiral symmetry breaking and heavy quark potential have been discussed holographically in [15] [16] [17] . Thermodynamics of anisotropic instanton distribution has been studied in [18, 19] . While these are essentially related to Euclidean quantities, holography also allows for easy access of real time quantities. In holography, we may also work with purely imaginary ω E , which can be viewed as a natural analytic continuation of (1.1). Such an approach allows for straightforward extraction of retarded correlation function from (1.1). In this paper, we illustrate the effect of instantons on retarded correlators of topological charge at finite temperature, which are measures of its fluctuations. Since instanton themselves carry topological charge, we find interestingly the fluctuations can destroy instantons in real time. The lifetime of instanton is found to be set by the temperature. Simply speaking, contribution of instanton to "real time dynamics" is suppressed at high temperature. This is in line with the classic field theory results: contribution of instanton to "thermodynamics" is suppressed at high temperature [20, 21] .
The paper is organized as follows: in Section II, we review the D3-brane-D-instanton background at finite temperature. In Section III, we obtain the 5D effective action and study 5D fluctuations in D-instanton background.
We proceed to calculation of two point correlators of stress tensor components, gluon condensate and topological charge in Section IV. Finally, we discuss effect of instanton in real time dynamics and conclude in Section V.
Review of D3-brane-D-instanton system
In this section, let us briefly review the background of the black D3-branes with D-instantons and its dual field theory. The original example for D3-branes with D-instantons was proposed in [12] , which is a deformed D3-brane solution of type IIB supergravity by a non-trivial scalar field. In order to preserve 1/2 of supersymmetry, a Ramond-Ramond (RR) scalar charge is switched on and balanced by the dilaton charge in this system. The resulting solution represents a marginal 'bound state'of D3-branes with smeared Dinstantons i.e. D(-1)-branes. In this paper, we focus on a finite-temperature extension of the D3-D(-1) background in Euclidean signature [14] . In this background there is a RR four-form C 4 and zero-form C field which couples to D3 and D(-1)-branes respectively. In Einstein frame, the 10-dimensional (10D) supergravity action is given as [22, 23] ,
where Φ is the dilaton filed, F 5 = dC 4 is the field strength of C 4 . The original RR zero-form C is defined as χ = iC where χ is usually named as axion. By setting χ = −e −Φ + χ 0 where χ 0 is a constant, the dilaton term cancels the axion term in (2.2) so that the dynamics in the action involves the metric and the RR 4-form C 4 only. The solution in Euclidean signature reads [14, 23] ,
,
is the Euclidean time defined as τ = it and 5 is the 5-form volume element and " " represents the Hodge dual. The constant q denotes the number density of D(-1)-branes i.e. D-instantons. While the dilaton becomes divergent at the black hole horizon, it does not give any effects about the thermodynamics since the bulk observables should be computed in the Einstein frame where the onshell action is the same as the case of the purely black D3-brane.
According to the AdS/CFT dictionary, the above supergravity solution holographically describes the Euclidean N = 4 super Yang-Mills theory with SU (N ) gauge symmetry in a certain non-vacuum state. Hence the constant q represents the vacuum expectation value (VEV) in Euclidean spacetime:
Here we define gluon condensate O E and topological charge densityÕ E in terms of the Euclidean gauge field strength F. We use subscript E to indicate that Euclidean signature is to be used. Note that sign corresponds to that of anti-instanton. Below we will loosely refer to this as instanton, which do not affect the conclusion of this paper. The temperature of the dual field theory is given by T = r T πR 2 . The nontrivial profiles of Φ and χ corresponds to an effective θ term. To see this, we consider the action of a probe D3-branes with smeared D(-1)-branes, 5) where
and α = l 2 s . The super Yang-Mills action in the dual theory comes from the leading order expansion of the Dirac-Born-Infield (DBI) action in (2.5). Since χ only depends on r according to (2.3), the last term in (2.5) give rises to a θ term
This allows us to dial instanton density q as an independent parameter.
3 The 5-dimensional effective theory
Dimensional reduction
In this section we are going to obtain a 5-dimensional (5D) effective gravity theory of the D3-D(-1) system and explore the 5D fluctuations of the bulk fields. Let us start with the 10D equations of motions for the bulk fields, which can be derived by varying the action (2.2) 1 ,
where the index M, N, P, Q, L runs from 0 -9. Inserting the solution (2.3) into (3.7) and we assume all the functions only depend on the 5D coordinates x a = {x µ , r} where µ = 0, 1, 2, 3. Hence the (3.7) can be rewritten as,
Here we have used script R to denote the curvature in order to distinguish from the radius R of the bulk.
where m, n runs from 6 -9 and Λ = − 6 R 2 is the cosmological constant. The last equation is automatically satisfied on a five-sphere, so the 5D effective action could be taken as,
The reduction from 10D action to 5D effective action essentially fixes F 5 and metric components on S 5 . This is justified on the gravity side as we have shown already the ansatz automatically satisfies field equation. We only turn on 5D metric components, dilaton and axion, all of which have trivial dependence on S 5 coordinates. This is sufficient for our purpose, since our goal is to calculate correlators among stress tensor components, O E andÕ E on the field theory side.
We have set r T = 1 in the above solution for simplicity. This sets scale by having πT = 1. The series solution of h 00 and H are obtained by solving the first two dynamical equations in (3.11) and we find that there is only one independent solution with normalization constant B 0 . When Φ = 0, this is the Euclidean counterpart of the infalling solution discussed by Policastro, Son and Starinets (PSS) [24] in the limit of vanishing spatial momentum. When we have nontrivial Φ, δΦ satisfies an inhomogeneous dynamical equation whose general solution is the sum of homogeneous solution (proportional to B 0 ) and special solution (proportional to C 0 ). Note that the near horizon solution is modified from simple series solution due to the non-trivial profile of Φ. Here we organize the solution as power series in (r − 1), treating
is essentially all order in ln(r − 1). Integrating these solutions to the boundary, we could obtain two independent solutions with regularity boundary condition. The number of solutions does not match the number of independent sources. The remaining solutions are pure gauge ones, which do not satisfy regulairty boundary condition [24] . In our case, the pure gauge solution is given by,
The gauge function ξ has to be chosen such that fluctuation fields remain in radial gauge. The explicit expressions of the gauge function are found to be,
The corresponding pure gauge solution is given by
Notice that there are two independent normalization constants D 1,2 in (3.14) which precisely generate the remaining two solutions. Hence we totally have four solutions at hand, they are two numerical ones and two analytic pure gauge solutions. To be specific, let us label the solutions by i = I, II, III, IV with
Then we can analyze the equations of motion near the boundary and calculate the correlation functions among the dual operators from the asymptotic series of the fields h 00 , H, δΦ and δχ. We can obtain the following asymptotic behavior,
with the recursion relations among coefficients
Following holographic dictionary, we take a 0 , b 0 , c 0 and f 0 as sources to operators T 00 E , T ii E ,Õ E and O E respectively. The coefficients a 2 , b 2 , c 2 and f 2 are corresponding VEVs. It may seems odd that a 2 and b 2 are completely determined by recursion relations. We show in Section 4.2 that correlators among T 00 and T ii are completely fixed by Ward identities in the limit of vanishing spatial momentum, making a 2 and b 2 non-dynamical.
The coefficients c 2 , f 2 can not be determined by analyzing the boundary behavior only. They are related through the constraint equation,
The coefficients a 4 and b 4 are not determined upto the order we work. In order to calculate the correlation function, we turn on the sources for the operators and measure the corresponding VEVs. The ratio of the VEV to the sources can be defined by the following response matrix,
Due to operator mixing in the renormalization group (RG) flow, the offdiagonal matrix elements in the response matrix is nonvanishing. For any given basis solution, the response matrix satisfies
for i = I, II, III, IV . Since we have in total four basis solutions, we can use them to calculate the response matrix efficiently as,
Most of the matrix elements on the RHS of (3.22) are known analytically. From solutions II, III and IV , we easily obtain
With recursion relations (3.18) and constraint (3.19), we can fix most entries of the response matrix as,
The entries marked with "×" represent the value which has to be determined numerically. In fact, the four undetermined entries are not all independent. We can show that there is a less obvious identity among them
Finally we remark on one important property of response matrix under sign flip of ω E . Up to now we have considered ω E > 0, the situation with ω E < 0 is easy to analyze: the regularity condition requires the solutions near horizon ∼ (r − 1) −ω E /4 . It follows that solutions I and II remain unchanged under sign flip. On the other hand, the explicit pure gauge solutions show that III is also unchanged, while IV changes sign. Combining all these with recursion relations (3.18) and constraint (3.19), we can show that the response matrix is also unchanged under sign flip of ω E . This will be useful in the following.
Euclidean and Retarded Correlators 4.1 Euclidean correlators
The D3-brane-D-instanton background is found in Euclidean spacetime with non-trivial profiles of dilaton and axion which is consistent with the field theory expectation since instanton only exists in Euclidean field theory. The effect of instanton to real world physics is usually understood as tunneling process. We will calculate correlators among stress tensor, glueball and topological charge density in this section, which are dual to the perturbation of metric, the dilaton and axion respectively as discussed in the previous sections. Notice that the resulting correlators are all Euclidean in our current analysis of the bulk gravity. In the next section, we will study the counterpart in Minkowskian spacetime. We show in appendix how to obtain correlators among T 00 E , T ii E , O E ,Õ E from (3.24) and (A.65). Here sum over i is assumed in T ii E as this is the quantity coupled to isotropic metric perturbation H(r → ∞). Respectively, the correlators are given by, G , which is the pressure of plasma, as we have shown in the appendix. The correlators among T 00 E and T ii E are trivial. We will see shortly that they are simply fixed by Ward identities derived by PSS [24] . The cross correlators among T 00 E , T ii E and O E ,Õ E are fixed by a new set of Ward identities. The correlators among O E and stress tensor components arises naturally from the fact that spacetime integral ofÕ E is a topologically protected quantity,
Notice that Õ E (x) = 4q. By taking δg 00 = h 00 (r → ∞) and δg ii = 0, we can obtain the response ofÕ E to the metric perturbation δg 00 ,
What we obtain above is nothing but the correlator Õ E (x)T 00 E (y) . It takes a familiar form in momentum space 2 dτ d 3 xe
Similarly procedure with δg 00 = 0 and δg ii = H(r → ∞) leads to the correlator:
It is not difficult to see that they are equivalent to the corresponding correlators in (4.26) upon using complex conjugation. Furthermore, we can obtain from (3.25) the following relation among Euclidean correlators
Ward identities
In this section, we will show that the apparently trivial form of the correlators are in fact consequence of Ward identities following from diffeomorphism invariance and conformal invariance of the action:
We have used the label "4D" to indicate that all the variables in (4.32a) are four-dimensional i.e. they are sources corresponding to a 0 , b 0 , c 0 , f 0 . Varying (4.32a) with respect to ξ 4D µ (x) and (4.32b) with respect to Ω, we obtain,
hµν T µν brings in an additional factor of 2.
Varying (4.33b) with respect to g λρ and setting g µν = δ µν , φ 4D = χ 4D = 0, we obtain
The derivation is parallel to the one in [24] except that our background metric is flat Euclidean. We can show that in fact (4.34) alone is enough to fix correlators G Similarly, we can obtain from (4.32b)
Fourier transform of (4.39) gives
Combining with (4.38), we obtain
All the cross correlators are fixed by Ward identities in the limit of vanishing spatial momentum.
Analytic Continuation
To see how the presence of instanton affects real time dynamics, we need to know corresponding correlators in Minkowski spacetime. Conventional holographic approach is to directly work with Minkowski background, which automatically gives real time correlator. However this is not applicable to Dinstanton backgrund: A naive Wick rotation of the background would lead to purely imaginary vev for O andÕ. This is in fact consistent with the field theory expectation that instanton exists only in Euclidean space. So only Euclidean correlator is well defined. Nevertheless, analytic continuation between Euclidean correlator and real time correlator is possible in field theory. We will use the following identity between retarded correlator and Euclidean correlator:
where ω E takes values of Matsubara frequency ω E = 2πT n. A clean derivation of (4.42) can be found for example in [25] . In (4.42), G R and G E are defined with the same operator. It applies to the case of dilaton, whose explicit Euclidean and Minkowskian correlators are given by
with O = O E . Minkowskian and Euclidean times are related by it = τ , correspondingly ω = iω E . We have already evaluated the Euclidean correlators in D-instanton background. Through (4.42) they give us automatically the retarded correlators, albeit defined only on ω = i2πT n. To extend the results to real frequency, we need to analytically continue (4.42). There is a natural continuation:
with ω being real. (4.44) indicates that to obtain retarded correlator with real ω, we need to evaluate Euclidean correlator with purely imaginary frequency −iω. Note that we have been working with ω E > 0 for the evaluation of Euclidean correlators. The horizon solution fixed by regularity condition behaves as ∼ (r − 1) ω E /4 . The horizon solution can be extended to the the right half plane Reω E ≥ 0. Using the relation ω E = −iω, it is mapped to the upper half plane of ω. Note that the horizon solution in terms of ω is precisely infalling wave type ∼ (r − 1) −iω/4 . Had we started by extending the left half plane of ω E , where the horizon solution behaves as ∼ (r − 1) −ω E /4 , we would not obtain infalling horizon solution by the same mapping ω E = −iω. To further confirm the prescription, we show that the analytic continuation (4.44) holds for known examples of Super Yang-Mills plasma with q = 0 where direct calculation of both Euclidean and retarded correlators are possible. In this case, the EOM of dilaton decouples from metric perturbation. It is given by:
The EOM of dilaton in Minkowski background is given by the mapping ω E = −iω:
Note that regular horizon solution in the Euclidean case is also mapped to the infalling horizon solution in the Minkowskian case. Taking into the account the convention in the definition (4.43), we readily confirm the equality (4.44) for Reω E ≥ 0. Next, we discuss auto-correlator ofÕ defined as
In contrast to the above case,Õ andÕ E differ by a factor. To see this, we write down the field theory definitions forÕ andÕ E (for comparison we also include O and O E ):
with E and B being chromo electric and magnetic fields. Note that it = τ . We obtain ∂ t = i∂ τ , thus E E = −iE and B E = B. It is then straightforward to verify
Consequently, the analytic continuation for auto-correlator ofÕ involves an additional minus sign.
We can confirm the prescription at q = 0 by the following indirect comparison. Note that retarded correlators for O andÕ are degenerate in Minkowskian D3 brane background because the dual dilaton and axion satisfy the same equation of motion [26] . Therefore we would obtain from (4.50)
Below we confirm (4.51), where both sides can be calculated with (4.26).
Note that axion and dilaton also satisfy the same EOM in Euclidean background, which simply gives G f f = G cc . However, the kinetic terms of dilaton and axion differ in sign. The sign difference is reflected in the equations of G E OO and G Ẽ OÕ in (4.26). Thus we find G Ẽ OÕ (−iω) = −G E OO (−iω), consistent with (4.50).
Finally, we discuss the remaining correlators among stress tensor components. Note that, under Wick rotation, the Euclidean and Minkowskian operators are related by
It follows that the analytic continuation is modified to
Since we already have explicit results for Euclidean correlator among stress tensor components, we can make direct comparison with their Minkowskian counterpart in PSS [24] . Setting spatial momentum to zero in their case and noting that our G R corresponds to their G, we readily confirm the correctness of the analytic continuation (4.53).
To proceed with the case q = 0, we simply apply the above prescription: we numerically integrate the horizon solution (3.12) with ω E = −iω for ω > 0 to the boundary and match to asymptotic series (3.17) to determine the response matrix using (3.22) . With elements of response matrix, we can use (4.26) to determine the boundary correlator.
Results on Retarded Correlators
Now we are ready to use (4.50) to study retarded correlators for O andÕ respectively. The retarded correlators are readily obtained from (4.26) as
The results are known for the case q = 0, where G R OO and G R OÕ are degenerate. Our numerical results indicate the degeneracy is still true when q ω, q T . Furthermore, in the regime ω T , the correlators display diffusive behavior as
where Γ CS is the diffusion constant of the Chern-Simons (CS) number [26] . We are interested in the regime q ∼ O(T ). This is where instanton effect becomes significant. We first look at the regime ω T . In Figure 1 we show the ω and q dependencies of the real and imaginary parts of Moving on from the regime ω T , we study wider range of ω. We expect when ω q, the instanton effect becomes negligible, thus G R OO and G R OÕ again becomes degenerate. We show the ω and q dependence of G R 
Discussion
The regime with ω T and q ∼ O(T 4 ) deserves special attention. Numerical results suggest the scaling (4.56), which after reinstating dimension
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0.02 0.04 0.06 0.08 0.10 gives spectral density forÕ. Away from the regime, we do recover positive spectral density for both O andÕ from Fig 3. We suggest the violation of the positive condition forÕ in the regime is related to the existence of unstable fluctuation ofÕ. To see this, we consider the following correlator
Using Kubo-Martin-Schwinger (KMS) relation, we can express (5.59) in terms of imaginary part of retarded correlator
(5.60)
In the last step, we approximate the integrand using (5.57). This is justified as the dominant contribution at large t comes from small ω. This gives the long time behavior of the fluctuation. The linear dependence in t shows it is a random walk growth, which is unstable. Note that the scaling relation holds in the regime ω T , which sets the time scale of the unstable mode. In other words, on a time scale t ∼ is set by the temperature. The conclusion is in line with the classic field theory results that large instanton is suppressed at high temperature [20, 21] . As a final remark, we stress that classic results were obtained based on thermodynamics consideration, our conclusion were obtained from analysis of real time fluctuations. 
A Holographic renormalization
The purpose of this appendix is to express correlation functions in terms of elements of the response matrix. The derivation closely follows [24, 28] . We start from the 5D Euclidean action (3.9) with Gibbon-Hawking term S GH 3 ,
(A.61)
Following [29] , we add an additional counter term S CT to cancel the volume divergence to the bulk theory which is,
Note that this is the counter term for gravity sector. Other counetr terms for dilaton and axion are also needed, see [30] and references therein for early constructions. We will need additional counter terms in the discussion below. We assume the boundary is taken at r = Σ which would be sent to infinity at the end of the calculation. Using the equations of motion in (3.11) and keeping the contribution from the boundary r = Σ, and combining the resultant boundary terms with S GH and S CT , we can obtain, for notational simplicity. Note that the pre-factor has mass dimension four. We restore dimension by multiplying (πT ) 4 and convert the pre-factor to field theory quantity = P , which is the same as pressure of plasma. Recall that we have confirmed the response matrix is even in ω E . This nice property allows to treat the sources as ordinary numbers. This is essentially the procedure adopted in [24] . When the response matrix is not even in ω E , a more careful treatment is needed [28] . Plugging (3.24) into (A.66) we obtain (4.26).
